ABSTRACT. In this paper, the effects of shear deformation on the large deflection behavior of elastic frames is investigated by the finite element method . A two-node nonlinear beam element wit h the shear deformation is formulated and employed to analyze some frame structures. The element based on the energy method is developed in the context of the corotational approach. A bracketing procedure u ed the lowest eigenvalue of structural tangent · stiffness matrix as indicating parameter is adopted to compute the critical loads. An incremental/ iterative procedure with the arc-length control technique is employed to trace the equilibrium paths. The numerical results show that the shear deformation plays an important role in the critical load and the large deflection behavior of the frames constructed from the components having low slenderness. A detail investigation is carried out to highlight the influence of slenderness on the behavior of the frames under large deflection.
Introduction
With the increment of using high performance material in practice, the structures can undergo la rge deformation before failure , and this phenomenon accelerates the importance of nonlinear analysis in the field of structural mechanics . It is well known that the finite element method is an effective tool in solving nonlinear problems of structures, and some commercial finite element programs, including MARC , SAP , ANSYS, ABAQUS and ADINA , have incorporated the nonlinear elements to make them possible for nonlinear analysis [1] In the previous works [2, 3] , t he author and his co-worker have formulated some nonlinear beam elements for large deflection analysis of elastic frame structures. The beam elements developed in the work are based on the Euler-Bernoulli beam theory, in which a plane initially normal to the beam neutral axis remains plane and normal to this axis after deformat ion. This assumption ignores the shear deformation effects, which is valid for slender beams or frames constructed from slender components. As a consequence, the elements show a good performance in modelling the large deflection behavior of the slender frame structures. In recent work [4] , the author investigated t he influence of shear deformation on the critical load and the post-buckling behavior of some elastic beams resting on a twoparameter elastic foundation . The investigation shows that the shear deformation plays an important role on the critical load as well as the post-buckling behavior of the beams. Taking t he shear deformation into account, a considerable reduction in the critical load and the post-buckling strength of the beams has been observed. The numerical results obtained in [4] convince the author to perform more investigation on the effects of shear deformation on t he large deflection behavior of elastic frame structures, and the present paper aims to discuss this topic.
To investigate the shear deformation effects on the large deflection behavior of the frame structures by the finite element method, a nonlinear beam element enable to model the shear deformation should be employed. Naturally, the beam element based on the total Lagrange formulation presented in [2, 3] can be adopted for the purpose. However, as shown in , the beam elements formulated from the co-rotational approach exhibit some advantages comparing the total Lagrange formulation based counterparts, such as the simplicity and the ability in modelling the large rotation. Therefore, the approach is therefore adopted again in the present work to formulate the nonlinear beam element with shear deformation.
The paper is organized as follows: Section 2 gives a brief discussion on t he Timoshenko beam theory. The finite element formulations are presented in Section 4. Section 4 discusses the numerical algorithm needed in computing the critical loads and the equilibrium pat hs. The numerical investigations are presented in Section 5. Finally, the main conclusions of the paper are summarized in Section 6.
Timoshenko beam theory
The Euler-Bernoulli beam theory ignored the shear deformation effects can be employed to analyze the slender beams and frames. For short stubby beams, the contribution of the shear deformation clearly cannot be neglected, and the Timoshenko beam theory should be employed instead of. The main points of the Timoshenko beam theory for 2D beams are summarized below.
The Timoshenko beam theory is based on the assumption that a plane initially normal to center axis of the beam remains plane, but not necessarily normal to the axis after deformation. In Fig. 1 , (}represents the rotation of a fiber that was initially normal to the undeformed center axis. The total slope aw/ ax of the center axis is stemming respectively from the bending and the shear deformation as
where 8( x) is the rotation of line elements along the center axis due to bending only;
ry(x) is the shear angle, and it equals to zero in the Euler-Bernoulli beam theory. The displacement field is given by (2 .2a) (2.2b) (2.2c) where u(x), w(x) are the axial and transversal displacements of the point on the center axis ; z is the distance from the considering point to the center axis (see Fig. 1 ). With the linearly elastic assumption, the strains and stresses follow from Eqs. (2 .2) are of the form au ae
3a)
T xz = Gry (x), (2.3b) with E and G are t he Young and shear modulus , respectively; K, is the beam curvature. The shear stress given by Eq. (2 .3b) is, however , incorrect due to its constant distribution through the beam t hickness. In fact , the shear stress distribution though the thickness is quadratic, and to account for this matter, a shear correction factor ?./; is introduced, so that [5] T xz = 7./;Gry (x) , .5) where A is the cross-sectional area of the beam; EA , EI, GA are the axial, bending and shear rigidities, respectively. The linear finit e element formulation based on the Timoshenko beam theory is called Mindlin beam element [6] , or Reissner-Mindlin beam element [7] .
A difference method to account for the non-constant distribution of the shear stress through the beam thickness is to add a third-order term for the axial displacement defined in Eq. (2 .2a), and the corresponding theory is named 'third-order term theory ' [8] . The third-order term theory captures the true variation of the transverse shear stress , and does not need the shear correction factor. However, the expressions for element developed from the third-order term theory are lengthy and complex, and the theory is not considered in the present work. 
where l and Zn are the initial and current length of the element; Br is the rigid rotation.
l , ln , er can easily be expressed through the global nodal displacements .
The vectors of local and global nodal forces corresponding to the global and iocal vectors defined in Eqs. (3 .la) and (3.lb) are given by fz = {Nz Mn M12}r ,
where Ni , Vi , Mi, (i = 1, 2) denote the global axial , transversal loads, and moment at node i , respectively; The global nodal force can be derived from the strain energy expression, which is invariant to the coordinate systems
where fz is the local nodal force vector; Ti = [?/J] is the transformation matrix, which (3x6) can easily be computed from Eqs .(3.2) . The element tangent stiffness matrix can be formulated as differentiation of the nodal force vector (3.4) with respective to the global nodal displacements as .4) and (3 .5) , the remain work for obtaining the element formulations is to formulate the nodal force vector and tangent stiffness matrix in the local system , and these quantities are derived below .
Since the shear deformation is taken into account , the transverse displacement w and the rotation e are independent parameters. Accordingy, the linear functions can be employed to interpolate the displacement field for Timoshenko beam element [9, 10] In this regard, t he local displacements and the shear strain are expressed through the local nodal displacement as (3 .6) From Eq. (3 .6) and Eqs . (2 .3),(2 .5) , where the kinematics are understood as measures in the local system, one can write the strain energy in terms of local nodal displacements as
The finite element formulation formulated from the strain energy defined by Eq. (3 . 7) is too stiff and leads to the shear locking problem [8 , 9] . To overcome the problem, the socalled reduced-integration technique, one-point Gauss quadrature for the present problem is employed to evaluate the strain energy expression, Eq. (3 .7). In this regard, one can write Eq. (3.7) in a simple form
8) (3. 9c)
The local tangent stiffness mat rix is obtained by different iation of the local nodal force vector , and given by 0 tEI+~'lj; lGA
Eqs. (3 .9), (3. 10) combining wit h Eqs. (3.4) and (3.5) give the expressions for t he global internal nodal force vector and tangent stiffness matrix of the element , thus completely define the finite element formulations. The Timoshenko element formulated in this paper is denoted 'b2 Ti '.
Numerical algorithm
The equilibrium equations for non-linear analysis of structures are obtained by setting the out-of-balance for ces to zeros [1, 11] g (p , >-) = %(P) ->-feJ = 0 ,
where the out-of-balance force vector g is a function of the current structural nodal displacements p , and t he 'load-level parameter' >-; % is the structural internal force vector , obtained by assembling t he previously developed vector f of each element; feJ is a 'fixed external loading vector '. The non-linear equations ( 4.1) can be solved by the so-called incremental/ iterative technique based on t he Newton-Rapson method, in which the norm of vector g (p , >-) is guided towards zero.
To compute critical loads, t he indirect method discussed by Shi in [12] and Crisfield in [13] is adopted herewit h . The method has been 'implemented by the author using the lowest eigenvalue of t he structural tangent stiffness matrix as indicating parameter [4] . For completeness, the main ideas of the method are illustrated in Fig. 3 and summarized below.
The lowest eigenvalue of structural tangent K t, merging from the element stiffness k t formulated in Section 3, changes its sign when passing a singular point, a bifurcation or a limit point. Using a load control strategy in solving t he equilibrium equations, Eqs. (4 .1), for a 'perfect ' structure (without any imperfection) , the lowest eigenvalue of K t is monitored at each load increment. When passing the lowest bifurcation point, predicted by t he negative sign of T [12] , the bracketing procedure is active to compute an Bracketing procedure for computing a singular point intermediate point Ai [13] , by using an interpolation scheme for the control parameter A as illustrated in Fig. 3 . The bracketing algorithm contains t he following steps:
1. Compute intermediate value Ai using the interpolation scheme as
where Az, Ar are the values of the load-level parameter at equilibrium points on the 'left ' and 'right' sides of the bifurcation point (before and aft er passing the bifurcation point) , respectively; Tz and Tr are the lowest eigenvalues of K t at t he points.
2. Check convergency criteria, using [4, 13] Ti
where (3 is a tolerance factor, taken by in all the numerical studies in Sec. 5. The obtained value Ai from the bracketing procedure is taken as the critical loadlevel parameter. Stop if the convergency criteria satisfies. If not , proceed to step 3. The arc-length method proposed by Crisfield [14 , 11] and previously discussed by the author in [3] is adopted to deal with the possible complex behavior in computing the equilibrium paths. In contrast with the critical load computation, it is necessary to introduce some appropriate perturbations, so that the secondary paths could be followed .
Compute intermediate displacements P i corresponding

Numerical investigations
T he shear deformation in a beam becomes more important when the beam slenderness is lower. The slenderness of a beam can be defined through the paramet er s, called slender parameter as
where L is t he total beam length, and r is t he gyration radius of the beam cross-section. Eq. (5.1) implies that for a higher value of the parameter s, more slender t he beam is. T hat is t he shear deformation will play a more import ant role for t he beams having low value of t he parameter s. The beams wit h geometry and loading configurations in Fig. 4 exhibit 'the elastica phenomenon' wit h t he analytical solut ions given in [15, 16] The crit ical loads and equilibrium paths of t he beams are comput ed herewit h by employment of various element numbers.
A shear correction factor 'l/; = l~~i{J for rectangular cross-section [5] , is adopted . For t he purpose of comparison , a Bernoulli element based on the shallow arch theory denoted 'b2B e ', previously formulated in [3] , is also employed in the computation. Equilibrium paths for SS beam comcomputed by 4 elements of different types puted by by 4 
elements of different types
The difference in the post-buckling paths for CF and SS beams computed by the 'b2Ti' and · 'b2Be' elements at very coarse mesh of 4 equal elements is shown in Figs. 5 and 6, respectively. As seen from the table and the figures, using a coarse mesh, the buckling coefficient and the post-buckling path computed by the 'b2Ti ' element is less accurate than that computed by the 'b2Be ' element. The reason for this lies on the low order interpolation scheme used in formulating the 'b2Ti ' element. Comparing the linear functions adopted in the present work, the cubic polynomials employed in formulating t he 'b2B e' element have better abilit y in modelling configurations of the deformed beam. However , the difference between the critical loads computed by the two elem ents can be narrowed by refining the finit e element mesh as seen from Table 1 . Using a mesh of more that 6 elements, the difference in the post-buckling paths of the beams is almost invisible. In other words, the present formulated element is accurate in assessing the critical load and large displacement behavior, provided that a fine mesh is employed. To investigate the ability of the developed element in modelling the shear deformation, the computation is performed for the beams having different values of the slender parameter s . Following the work in [4] , we keep all the above data, except the cross-sectional area of the beam. In this regard , for s = 100, 50, 20 and 10, the computation is carried out with the beam cross-sectional area A= 0.004, 0.001, i.5-4 and 4-5 m 2 , respectively. Table 2 gives the buckling coefficients of the CF and SS beams at different values of t he slender parameter s. A mesh of 20 equal elements has been employed to compute the buckling coefficients in Table 2 . As seen from Table 2 , the buckling coefficient is gradually lowered with a reduction in value of the slender parameter s, regardless of the boundary conditions. The equilibrium paths of the beams at different slenderness displayed in Figs. 7 and 8 also show a clear influence of the shear deformation in the large displacement behavior of the beams. In other word , the 'b2Ti' element formulated in the present paper shows a good performance in modelling the effect of shear deformation. 
Shear deformation modelling ability
.2 Lee frame
The asymmetric frame shown in Fig. 9 known in the literature as Lee frame, previously investigated analytically by Thompson and Hunt [17] , and numerically by Hsiao and Huo [18] .
The geometrical and material data of the frame are as follows: The material data show that the frame is made of aluminum alloy. A concentrated load at point A as shown in the figure is assumed. Fig. 5.2 show t hat the 'b2Ti' element is a bit stiffer than its counterpart , the 'b2B e' element. The reason for t his, as explained above is the lower order interpolation scheme which has been employed in formulating the 'b2Ti 'element. The difference bet ween the two elements can also be arrowed by increasing t he number of elements in the analysis.
The axial and vertical displacements versus the applied load at various values of t he slender parameter are given in Figs.11 and1 2, respectively. As in Sub-sec .5.1 , the analysis is performed by keeping all the geometrical data excepts t he cross-sectional area. The effect of shear deformation is again observed clearly from these F igures . The frame strength as well as its limit load are lower with a reduction in the slender parameter , and the numerical results show that the shear deformation must be taken into account for t he frames constructed from stubby beams. A portable aluminum alloy frame and a multi-element steel frame under concentrated load as respectively shown in Fig. 13a and Fig. 13b are analyzed in t his sub-section. This sub-section aims to show the effects of the slenderness on the large displacement behavior of more practical structures. The geometrical and material data for the portable and multi-element frames are assumed the same as that of the Lee frame and the beams in Sub-secs.5.2 and 5.1, respectively.
3 P ortable and multi-element frames
The equilibrium paths , defined as t he displacement versus applied load for the portable frame at different values of the axial for ce are given in Figs. 14 and 15 . The paths computed with various values of the slenderness parameter are given in Figs. 16 and 17 .
The computation has been performed by 12 equal 'b2Ti' elements, 4 for each beam. Thus, the total number of active nodal displacement is 33. The high number of elements employed in order to reduce the possible error, which the 'b2Ti ' element may produce as seen in Sub-sec.5.1. As seen from Figs. 14 and 15 , t he displacement-load curve of the frame much depends on the horizontal force , and the value of this force clearly affects the large displacement behavior of the frame. The strength measured in the large displacement region of the fr ame, as seen from Figs. 16 and 17, is reduced with a reduction in the slenderness parameter .
Figs. 18 and 19 show the equilibrium pat hs of the multi-element steel frame at various values of the axial force. The effects of slenderness on the large displacement behavior of the frame are displayed by Figs. 20 and 21. In general, the large displacement behavior of the present steel frame is similar to that of the aluminum alloy · frame . The buckling load as well and the post-buckling strength of the frame are also reduced when lowering the slender parameter. The numerical results obtained in this sub-section again confirm the importance of shear deformation in the large displacement behavior of the frame structures, and we should not ignore it when analyzing frames forming from the elements having l9w slenderness.
Con cl us ions
The large displacement analysis of elastic frame has been carried out in t he present paper by the finit e element method. Adopting the co-rotational approach, a two-node nonlinear element based on the Timoshenko beam theory has been formulated and employed to compute the critical loads and equilibrium paths of some fr ame structures. A detail investigation on t he influence of t he slenderness on the large displacement behavior of t he frames has been performed. The main conclusions of the paper can be summarized as fo llows :
1. The element with shear deformat ion, formulated by employing the linear functions in interpolating the displacement field, needs a finer mesh to achieve t he accuracy which the Bernoulli element does, but has good ability in modelling t he shear effects.
2. The critical load and the post-buckling strength of the frame structures are affected by the slenderness, and they are smaller for the frames forming from low slenderness components. In other words, the large displacement behavior of the frames is affected by the shear deformation, and t his deformation should be taken into account when the frame components having low slenderness .
